A family of local equivalent models is considered. They can be taken as a generalization to d + 1 dimensions of the Topological Massive and "Self-dual" model in 2+1 dimensions. The corresponding 3+1 models are analized in detail. It is shown that one model can be seen as a gauge fixed version of the other, and their space of classical solutions differs in a topological sector represented by the classical solutions of a pure BF model. The topological sector can be gauged out on cohomologically trivial base manifolds but on general settings it may be responsible of the difference in the long distance behaviour of the models. The presence of this topological sector appears explicitly in the partition function of the theories. The generalization of this models to higher dimensions is shown to be straightfoward. 
One of the motivations for studying field theories in 2+1 dimensions is that, being more tractable, one hopes to get some insight on their higher dimensional generalizations. This picture becomes more interesting when the lower dimensional models provide new ideas for the higher dimensional ones. This is the case of the so called "string" fractional statistics model [1] , which constitutes a generalization of the dynamical implementation of fractional statistics in 2+1 dimensions [2] . In the former example the role of the topological Chern-Simons term in 2+1 dimensions is generalized by an, also topological, BF term. In both cases the statistics appears as a manifestation of the topological structure of the base manifold.
The non-trivial topological nature of the base manifold may impose conditions on the equivalence between different physical models. In these situations, the possible global contributions of the topological terms to the observables of the theories may restrict their relation to hold on cohomological trivial sectors of the base manifold. This is the scheme between two different descriptions of massive spin 1 excitations in 2+1 dimensions: the "Self-dual" (SD) [3] and the Topological Massive (TM) models [4] [5] . On simply connected manifolds these two models are completely equivalent [6] , and it can be shown that the SD model correspond to a gauge fixed version of the TM gauge theory [7] . Nevertheless, the space of solutions of both theories could be different. In fact, beside their common solutions there is a topological sector in the space of solutions of the TM model not present in the SD one. This topological sector is filled by all the flat connections on the base manifold [8] . This will not constitute any obstacle on simply connected manifolds, because this flat connections could be gauged out in the TM model. But on general settings, the gauge fixing procedure can only be performed locally, so the equivalence between both models will be conditioned to this level. This situation of global inequivalence persists if we use the usual Stuckelberg form of the SD model. Instead, to get a global relation between both models, we have to modify the SD action adding to the potential a µ a closed but not necessarily exact 1-form ω µ [8] . So, the global equivalence is obtained patching and sewing "SD formulations" over simply connected sectors of the base manifold. The so obtained modified SD action is gauge invariant and corresponds to a pure Chern-Simons model superposed on the original SD one [9] . As it could be expected, on simply connected sectors, the modified SD action turns to be the Stuckelberg form of the original one. It can also be shown, in a path integral approach, that the TM model can be obtained as a dualized version of the SD one [10] .
In this letter we will show that this scheme of local and global equivalence between the SD and TM models, and their gauge fixing relation, can be generalized to higher space-time dimensions. We first study the generalization to 3+1 dimensions. The two models to be considered are well known and their comparision with the 2+1 picture has been noticed and used in different contexts [16] [11] . It will be shown that one of the models can be taken locally as a gauge fixed version of the other. Also we will prove that on base manifolds, with a non-trivial topological structure, both models might have different long-distance behaviour. This difference, as in the 2+1 analogs, is due to a topological sector in the space of classical solutions which is not common between both models. This topological sector corresponds in 3+1 dimensions to the classical solutions of a BF model. The presence of this sector is shown to appear in the partition function of the gauge invariant model. The generalization to d+1 dimensions is straihgtfoward through the formulation of both models in terms of the duals of the antisymmetric tensors.
In 3+1 dimensions massive spin 1 excitations can be described by the gauge invariant action [12] 
where T M is invariant (up to a total divergence) under the gauge transformations δB µν = ∂ µ ξ ν − ∂ ν ξ µ , δA µ = ∂ µ ξ and constitutes a generalization, to 3+1 dimensions, of the TM model [16] . In this model the two polarization states of the Maxwell field combine with the unique degree of freedom of the Kalb-Ramond field to produce a massive spin 1 excitation [12] − [16] . The equations of motion that arise from S 4 T M are
where we notice that closed forms A = A µ dx µ and B = B µν dx µ ∧ dx ν (with dA = 0 and dB = 0) are always solutions of the system. The relation with the Proca theory is obtained by direct inspection: from its equation of motion, ∂ ν F νµ − µ 2 A µ = 0, we see that A µ is transverse (or it is a co-closed 1-form), so it can be thought locally as the dual of an exact 3-form (or a co-exact 2-form); this is the second term in (2) and equation (3) ensures the identification.
The local relation between S
4
T M and the Proca model justify the comparison with the first order form of the latter [17] [18]
which is, also, a first order form of the massive Kalb-Ramond model [16] − [18] , albeit this model has a "spin jump" in the zero mass limit [19] [13] [14] [15] [18] . The equations of motion of S
where we observe that non-zero closed forms A and B do not belong to the space of solutions. So on general manifolds there would be a topological sector in the space of solutions of S
T M not present in the corresponding space of the model described by S 4 P . We recognize in S 4 P the generalization, to 3+1 dimensions, of the SD model. The above mentioned models can be rewritten as
and S
where
ε µνλρ B λρ are the components of ⋆ B. S T M ⋆ is invariant under the gauge transformations δA µ = ∂ µ ξ and δT µν = ε µνλρ ∂ µ ξ ν . The topological sector is now filled by closed 1-forms A and co-closed 2-forms T , which are allways solutions of S T M ⋆ . The generalization, to d+1 dimensions of S 4 P and S
T M is obtain directly from (7) and (8) 
subject to the first class constraints Θ a
where Π i and Π ij are the conjugated momenta associated to A i and B ij (our metric signature is (− + ++)). The non-canonical variables A 0 and B 0i appear as Lagrange multipliers associated to the constraints Θ a . This set of constraints is reducible (because ∂ i θ i = 0) and implies the residual gauge invariance δB 0i = −∂ i ξ.
Going to S 4 P , after eliminating A 0 and B 0i , we will arrive, taking the kinetic part asḂ ij ε ijk A k , to the hamiltonian density
and the second class constraints Φ A
The algebra of the constraints φ i , Ψ k has the only non-vanishing equal time Poisson
. This allows us to take half of the constraints in (13, 14) as first class constraints Θ a , and the other half as gauge fixing conditions Υ a [7] [22] . We take
The bi-directional identification of the sets Φ A ↔ (Θ a , Υ a ) is possible only on sectors where the first and second cohomology groups in Σ 3 are trivial, so the harmonic parts are taken to be zero. This division in first and second class constraints incite us to think on the underlying gauge theory. So we look for the gauge invariant hamiltonian [7] 
which differs from H 4 P by combinations of the constraints, and satisfies homogeneous Poisson brackets with the defined first class constraints. The β's can be determined, while the α's remain arbitrary. For one special guess of the α's we get
This relation can be written explicitly as
If we go to the functional integral (the partition function), the measure [23] takes the form
and it can be shown that the right-hand side of this equation is the measure we would get in the functional integral of S 4 T M after reducing it to the independent physical modes [24] . In fact, in the process to obtain the effective, BRST invariant, action of S 4 T M we find that due to the reducibility property of θ i there is a residual gauge invariance that must be fixed. This residual invariance comes from the arbitrariness in the longitudinal parts of not only B 0i , as we said, but also of the pair of ghostantighost (D i , D i ) accompanying θ i and the Lagrange multiplier (E i ) associated with the gauge fixing constraint [24] . A good gauge fixing condition of these residual invariances results to be the cancellation of the projection of B 0i , D i , D i and E i in its longitudinal parts, i.e.
The effective lagrangian will be [24] 
, where D A and Υ A stands, respectively, for the antighosts (of all the triplets ghost-antighostmultiplier) that must be introduced, and the corresponding gauge fixing conditions. p and q abreviate Π i , Π ij and A i , B ij , respectively. Now having all the gauge freedom fixed we go to the functional integral and start its reduction to the genuine physical modes. For this, we integrate all the "ghosts for ghosts" and the additionally introduced multipliers, arriving to
Also, Υ a are the gauge fixing conditions defined before. Integrating the remaining fields excepting the p's and q's we arrive to
where we see that the measure in the path integral corresponds to the right-hand side of (17), as we asserted. Following with (17) and taking care of (16)
Then, on cohomological trivial sectors of the base manifold the covariant effective action of S 4 T M will be S 4 P , stating that under this condition the latter action can be seen as a gauge fixed version of the former. On general grounds to have a global canonical equivalence, we have to modify S an analogous situation occurs between B µν and b µν (let the corresponding closed form be Ω µν ). Locally we can set ω µ = ∂ µ λ and Ω µν = ∂ µ Λ ν − ∂ ν Λ µ ≡ G µν and going now into S
M we obtain a Stuckelberg form of S
which is invariant under
The exact forms can be gauged out and we recover S 4 P , stating the local equivalence between the models.
In general the solutions of (28) and (29) are as we stated: a µ = A µ − ω µ and b µν = B µν −Ω µν . This mantains the homogenity of a µ and b µν under gauge transformations. Going to S 4 M will take us to the gauge invariant action
The latter action is global and locally equivalent to S 4 T M , and it has incorporated the topological sectors not present, originally, in S 4 P . One important feature of S 4 P is that ω µ and Ω µν can be taken as independent fields and they will be closed forms dynamically. So S (28) and (29) (in this case A µ = a µ + ω µ , B µν = b µν + Ω µν ). Doing so, we arrive to the pair of uncoupled actions
where S
BF is the part that describes the topological sectors incorporated only in S T M (this assertion holds even in presence of external sources). The space of gauge inequivalent classical solutions of the BF theory, when the base manifold is M 4 = R×Σ 3 , is a direct sum of the first and second de Rham cohomology groups on Σ 3 , and by Hodge's duality this space is even dimensional [25] . Because of the topological character of the BF theory it will not contribute to the physical spectrum but the long distance behaviour of the solutions of S 4 T M , when the field strenghts tend to zero asymptotically, will be characterized by the periods of the BF's solutions while all this periods cancel, in this limit, for the Proca theory.
In other direction, a path integral approach tells us that the partition function Z 4 P is equal to Z 4 T M , up to a factor independent of the fields. This is obtained integrating the "omegas". From (32) we obtain that the partition function of S 4 T M and S 4 P differ by a topological factorZ
P . This topological factor, Z BF , is related with the Ray-Singer torsion of the manifold, which is the torsion of the de Rham complex [25] . For cohomological trivial manifolds this factor is 1, ensuring the complete equivalence between S 4 T M and S 4 P . Finally, we quote that all these results are generalized trivially to d+1 dimensions. The corresponding models are written as (7) and (8) 
and
where H = dB and F = dA. For these actions their connection is analogous to that of the corresponding 3+1 models:
• Both models describe the same physical spectrum as the Proca model, which is described by d independent physical degrees of freedom.
• S d+1 P is locally a gauge fixed version of S d+1 T M .
• S d+1 T M has a topological sector in its space of solutions not present in the former. This topological sector corresponds to the space of classical solutions of the BF model (with Lagrangian density L BF = B∧dA), and is responsible of the different long distance behaviour of the physical models, when the field strengths tend to zero asymptotically.
• The presence of the topological sector appears as a topological factor in their partitions functions.
• On cohomologically trivial base manifolds both free models are identical, and it can be said on general grounds that the BF solutions label Proca formulations on sectors of the manifold with trivial structure.
It will be interesting to analize this models in presence of external sources, case where the difference between them will surely arise.
